Abstract In this paper, we have investigated the effect of channel inclination on the peristaltic transport of a couple stress fluid in the presence of externally applied magnetic field. The slip velocity at the channel wall has been taken into account. Under the long wave length and low-Reynolds number assumptions, the analytical solutions for axial velocity, stream function, pressure gradient and pressure rise are obtained. The computed results are presented graphically by taking valid numerical data for non-dimensional physical parameters available in the existing scientific literatures. The results revealed that the trapping fluid can be eliminated and the central line axial velocity can be reduced with a considerable extent by the application of magnetic field. The flow phenomena for the pumping characteristics, trapping and reflux are furthermore investigated. The study shows that the slip parameter and Froude number play an important role in controlling axial pressure gradient.
Introduction
It is well known that mixing and transporting of physiological fluids is referred as peristalsis, which is generated due to progressive waves of area contraction and expansion along the length of a distensible tube containing fluid. The mechanism behind this phenomenon is mainly neuromuscular property of any tubular smooth muscle structure. This type of muscular tube wall has a motion in wave frame with a fixed speed and wave length. This mechanism is found in urine transport from kidney to the bladder, the movement of chime into the gastrointestinal tract, fluids in the lymphatic vessels, bile from the gallbladder into the duodenum, the movement of spermatozoa in the ducts efferent of the male reproductive tract, the movement of the ovum in the fallopian tube and the circulation of blood in small blood vessels. This mechanism also finds many applications in bio-medical engineering to design roller and finger pumps, some bio-mechanical instruments, e.g., heartlung machine, blood pump machine and dialysis machine.
Latham [1] first initiated the concept of peristaltic mechanism. Later on, this mechanism has become an important topic of research owing to the above mentioned applications in biomechanical engineering and biomedical technology. Several investigators [2] [3] [4] [5] have studied the peristaltic transport of fluids in tubes for better and clear understanding of peristaltic mechanism. Weinberg et al. [6] conducted an experimental study of peristaltic pumping, whereas Yin and Fung [7] made a comparison between theoretical and experimental studies in peristaltic transport. Misra and Pandey [8] gave a mathematical model for peristaltic transport of blood in small vessels. Further, Riaz et al. [9] studied the peristaltic transport of a Carreau fluid in a compliant rectangular duct by utilizing the assumptions of long wave length and low Reynolds number. Mekheimer et al. [10] put forwarded peristaltic motion of a particle-fluid suspension in a planar channel. They used perturbation technique to solve the problem by assuming wave number to be small. Many authors [11] [12] [13] [14] have studied on the peristaltic transport in an asymmetric channel by considering different kind of fluid models, wherein they found distinguishable effect of phase difference of wall motion on velocity and other flow characteristics. Mekheimer [15] presented a theoretical study on peristaltic transport of a Newtonian fluid through a uniform and non-uniform annulus. Nadeem et al. [16] proposed a series solution of unsteady peristaltic flow of an incompressible Carreau fluid in eccentric cylinders, whereas Akbar et al. [17] carried out a numerical simulation of peristaltic flow of a Carreau nanofluid in an asymmetric channel. Elad [18] have developed a mathematical model for wall-induced peristaltic fluid flow in a channel with wave trains having phase difference on the upper and lower walls. The studies on the different non-Newtonian fluid models were carried out by several investigators [19] [20] [21] [22] . Misra et al. [23] studied the peristaltic transport of a physiological fluid in an asymmetric porous channel in the presence of an external magnetic field. However, Shit and Roy [24] investigated the effect of induced magnetic field on peristaltic flow a micropolar fluid in an asymmetric channel.
The couple-stress fluid may be considered as a special class of a non-Newtonian fluid, which takes into account the effect of particle size. To characterize the couple stress fluid, Stokes [25] gave a concept of constitutive relationship between the stress and strain rate in micro-continuum theory of fluids which allows for polar effects such as the presence of couple stresses, body couples and a non-symmetric stress tensor. The constitutive equations in these fluid models are very complex because of the involvement of various material constants leading to a boundary value problem so that the order of the differential equations is higher than the Navier-Stokes equations. Valanis and Sun [26] and Pal et al. [27] studied on the couple stress fluid having applications in blood flow through cardiovascular system. Srivastava [28] have examined the peristaltic transport of a couple stress fluid under a zero Reynolds number and long wave length approximations. Rao and Rao [29] put forwarded the peristaltic flow of a couple stress fluid through a porous medium in a channel at low Reynolds number. Mekheimer [30] and Nadeem and Akram [31] have investigated the peristaltic transport of a couple stress fluid in different geometrical situations. Sobh [32] analytically studied the interaction of Couple stresses and slip flow on peristaltic transport in uniform and non-uniform channels. Recently Pandey and Choube [33] examined the effect of magnetic field on peristaltic transport of couple stress fluids through a porous medium. Eldabe [34] studied on the MHD peristaltic flow of a couple stress fluids with heat and mass transfer phenomena. Moreover, Sankad and Radhakrisnamacharya [35] contributed toward the study of effect of magnetic field on the peristaltic transport of couple stress fluid in a channel with different wall properties. Kothandapani [36] have considered the non-linear peristaltic transport of a Newtonian fluid in an inclined asymmetric channel through porous medium. However, to the best of author's knowledge, no one has considered the slip effect on peristaltic transport of couple stress fluid in an inclined asymmetric channel along with the externally applied magnetic field.
In this paper, we have analyzed the effects of slip velocity as well as magnetic field on peristaltic flow of couple stress fluid in an inclined asymmetric channel. The analytical solutions to the axial velocity, stream function and pressure rise per wave length are obtained using the assumptions of long wave length and low Reynolds number. Finally, the numerical solutions have been computed using MATHEMATICA software and presented them graphically. Therefore, our theoretical investigation bears the potential to useful in the field of bio-fluid dynamics.
Problem formulation
Let us consider the flow of an incompressible, viscous and electrically conducting couple-stress fluid flowing through an inclined asymmetric channel of uniform thickness under the action of an external magnetic field. Let
represent respectively the upper wall and lower wall of the asymmetric channel (cf. [11] [12] [13] 24] ). The medium is considered to be induced by a sinusoidal wave train propagating with a wave speed c along the length of the channel wall (cf. Fig. 1 ), such that The fluid flow through the channel is exerted by an external transverse uniform constant magnetic field of strength B 0 , in which the induced magnetic field is neglected because of the low magnetic Reynolds number. Therefore the total magnetic field vector becomes B ! ð0; B 0 ; 0Þ. The equations of motion for the flow through an inclined asymmetric channel obeying couple stress fluid with externally imposed magnetic field by neglecting the body couples are (cf. [21, 36, 39] ),
where V ! 0 ¼ ðU 0 ; V 0 ; 0Þ is the velocity vector, l the viscosity of fluid, g the constant associated with couple stress, p 0 the fluid pressure, q the fluid density, r the electrical conductivity, a the inclination of the channel, g be the acceleration due to gravity and J ! is the current vector due to Ohm's law, given
The fourth term on the right hand side of Eq. (4) represent the body force per unit volume due to the application of an external magnetic field. Due to the assumption of low magnetic Reynolds number, the induced electric field is neglected. Therefore, the Ohm's law simply
It is noted that in our model there is no external electric field.
Analytical solution
Let us consider a wave frame ðx 0 ; y 0 Þ that moves with the velocity c away from fixed frame ðX 0 ; Y 0 Þ. Therefore we use the relation between wave frame and fixed frame of reference as follows
in which ðU 0 ; V 0 Þ and ðu 0 ; v 0 Þ are the velocity components in the fixed frame and wave frame of reference respectively. Due to the time dependence of the channel wall, in the laboratory frame ðX 0 ; Y 0 Þ, the flow is unsteady. However, the coordinate frame moving with the wave speed c in the wave frame ðx 0 ; y 0 Þ, the boundary shape becomes stationary and hence the flow in the wave frame is steady. Henceforward all the flow quantities analyzed in the wave frame of reference.
Let us introduce the following dimensionless variables,
Using the transformation (5) and the non-dimensional variables defined in Eq. (6) into the governing Eq. (4), the equations of motion in dimensionless form as well as in the wave frame can be written as
The dimensionless parameters that appear in Eqs. (7) and (8) .
Under the assumption of long wavelength ðkÞ that is d ( 1 and the low Reynolds number ðRe ( 1Þ (cf. Shapiro [37] ), the Eqs. (7) and (8) simply reduce to,
The volumetric flow rate in the fixed frame is given by 
The time mean flow rate over a period T at a fixed position X 0 is defined to be
Use of Eq. (13) in Eq. (14) the flow rate Q 0 has the form
The non-dimensional form of Eq. (15) yields , the expression for F has the form
By differentiating Eq. (9) partially with respect to y, we write the equation in terms of stream function w as
The boundary conditions for the present problem in terms of dimensionless stream function wðx; yÞ in the wave frame can be written as (cf. Shit et al. [24] ) Slip boundary condition :
Vanishing couple stress : @ 3 w @y 3 ¼ 0 on y ¼ h 1 ðxÞ and h 2 ðxÞ: ð19Þ
The non-dimensional form of the equations of the channel walls in the wave frame of reference reduce to
The sixth order differential Eq. (18) in w with constant coefficient has the general solution for w in the following form
where m 1 and m 2 together with the expressions for six integrating constants C i , (i ¼ 1; 2; . . . ; 6) are obtained by using boundary conditions given in the Eq. (19) and we put them in the Appendix at the end of the conclusion section.
Once we determined those arbitrary constants, the expression for axial velocity u is obtained from the relation u ¼ 
Similarly, the expression for dp dx can be derived from Eq. (9) and hence the non-dimensional expression of pressure rise per wave length Dp can be obtained as,
Numerical justification of analytical solution
The analytical expressions for the stream function, axial velocity, pressure gradient and pressure rise per wave length have been derived in the previous section. In order to compute the numerical results of the flow quantities, it is necessary to assign the following numerical values of the physical parameters involved in the present study are considered as follows [23, 24, 31, 36, 38] 
Velocity distribution
Figs. 2 and 3 give the distribution of axial velocity u along the height of the channel for different values of the Hartmann number Ha and slip parameter b. Fig. 2 shows that as the applied magnetic field strength increases the axial velocity decreases at the central line of the channel. This result resembles to the real situation that when magnetic field is applied to the electrically conducting fluid, it induces electric field as well as magnetic field. The interaction of these fields produces a body force known as Lorentz force which has a tendency to slow down the fluid motion. Fig. 3 illustrates the variation in axial velocity for different values of the slip parameter b. We observe from this figure that the increasing values of slip parameter enhances the axial velocity near the channel walls, while it has decreasing effect at the central line in order to maintain constant volume flow rate throughout the channel.
Pumping characteristics and pressure rise
The pumping characteristics is the most important aspects in the study of peristaltic transport of a physiological fluid. The idea of pumping characteristics was first introduced by Shapiro et al. [37] that the pumping is determined through the variation in time averaged flux with difference in pressure across one wave length. It is well known that, if the flow is steady in the wave frame the instantaneous pressure difference between two stations of one wave length apart is a constant. The variation in axial pressure gradient along the axial distance over one wave length for different physical parameters of interest are presented in Figs. 4-8. From these figures one can note that through the region xð0:2; 0:8Þ, i.e., the narrowing part of the channel, flow cannot pass easily. Therefore, it requires more pressure gradient to make it as normal flow. Similarly in the wider part of the channel, i.e. in the region xð0; 0:2Þ F ð0:8; 1:0Þ fluid can pass easily because of the lower pressure gradient. Fig. 4 illustrates the variation in axial pressure gradient for different strength of the magnetic field. We observe that as the values of the Hartmann number increases the magnitude of the axial pressure gradient also increases. It shows that when strong magnetic field is applied to the flow field then higher pressure gradient is needed to pass the flow. This result suggests that fluid pressure can be controlled by the application of suitable magnetic field strength. This phenomenon is useful during surgery and critical operation to control excessive bleeding. x dp dx Fr=0.8
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Fr=0.05 Fig. 7 Variation in axial pressure gradient dp dx gradient with different values of slip parameter b is shown in Fig. 6 . We observe that the increasing values of slip parameter b diminishes the pressure gradient. It may note from this figure that the effect of slip velocity helps to pass the fluid easily through the narrowing part of the channel.
An important result presented in Fig. 7 that the variation in axial pressure gradient in function of Froude number Fr, which arises due to the inclination of the channel. It shows that the axial pressure gradient decreases as the Froude number increases. Therefore, more pressure is required to pass the same amount of fluid in the case of inclined channel. Fig. 8 depicts the variation in pressure gradient with different couple stress parameter c. It is observed that the magnitude of the pressure gradient gradually decreases with the couple stress parameter c upto a certain value, beyond which the pressure gradient increases. But further increase in c, we observe that the magnitude of pressure gradient decreases. This shows that there exists critical values of c for which pressure gradient suddenly increases. This can be considered as a finite jump. In Figs. 10-12 give the variation in pressure rise Dp per wavelength versus volumetric flow rate h for different values of the parameters a; Fr and c. It is well known that the peristaltic transport has three pumping zone, which are defined as the pumping region for Dp > 0 (positive pumping h > 0, negative pumping when h < 0), free pumping region for Dp ¼ 0 and co-pumping when Dp < 0. Fig. 10 shows that the pressure rise gradually decreases with the increase of volumetric flow rate h, whereas the pressure rise Dp increases with the increase of the inclination angle a. However, from Fig. 11 we observe that the trend is reversed in the case of Froude number Fr. This is happens due to the presence of last term in Eq. (9) . It is observed from Fig. 12 that the pressure rise decreases with the increasing values of couple stress parameter c in the pumping region, while the pressure rise increases with the increase of c. It is interesting to note from these figures that the pressure rise varies linearly with the flow rate h.
Streamlines and trapping phenomena
The trapping phenomenon may be looked upon as the formation of an internally circulating bolus in the moving fluid. It has been observed by Shapiro et al. [37] that at high flow rates and large occlusions the streamlines are split to enclose a bolus of fluid particles circulating along closed streamlines in the wave frame. Thus some amount of fluid is found to be trapped within a wave propagation and moves forward with the wave motion. Owing to the trapping phenomenon, there exist stagnation points, where both the velocity components of the fluid vanish in the wave frame. This physical phenomenon can be considered as the formation of thrombus in blood and the movement of food bolus in the gastrointestinal tract. The distribution of streamlines are presented through Figs. 13 and 14 for different magnetic field strengths and slip parameter. From Fig. 13 we observe that the size of bolus decreases as the Hartmann number Ha increases and ultimately vanishes with the application of sufficient strength of magnetic field. Similar observations made in Fig. 14 for the slip parameter b. These two parameters may play an important role to eliminate the bolus size. 
Summary and conclusions
In this paper we have proposed a theoretical study of non-linear peristaltic transport of incompressible, viscous, electrically conducting couple stress fluid through an inclined asymmetric channel. The effects of slip velocity at the wall and a uniform external magnetic field are taken into consideration. The study has paid a special attention to examine the effects of slip parameter, Froude number, Couple stress number and Hartmann number on the flow characteristics. The following items are summarized as the main contributions of this investigation.
The axial velocity become more flattening in the central line when the Hartmann number and slip parameters are both increased. The axial pressure gradient decrease when the Froude number increases.
Increase of the inclination of channel causes the increase of pressure gradient. The effect of slip velocity has a significant impact on pumping characteristics as well as on trapping phenomena. The volumetric flow rate can be controlled by the application of sufficient strength of magnetic field. The choice of the couple stress parameter depends on the Hartmann number while modeling peristaltic transport of physiological fluids together with the application of magnetic field.
